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The Green-Kubo formula relates the spatial diffusion coefficient to the stationary velocity auto-
correlation function. We derive a generalization of the Green-Kubo formula valid for systems with
long-range or nonstationary correlations for which the standard approach is no longer valid. For
the systems under consideration, the velocity autocorrelation function 〈v(t+ τ)v(t)〉 asymptotically
exhibits a certain scaling behavior and the diffusion is anomalous 〈x2(t)〉 ' 2Dνtν . We show how
both the anomalous diffusion coefficient Dν and exponent ν can be extracted from this scaling form.
Our scaling Green-Kubo relation thus extends an important relation between transport properties
and correlation functions to generic systems with scale invariant dynamics. This includes stationary
systems with slowly decaying power law correlations as well as aging systems, whose properties
depend on the the age of the system. Even for systems that are stationary in the long time limit,
we find that the long time diffusive behavior can strongly depend on the initial preparation of the
system. In these cases, the diffusivity Dν is not unique and we determine its values for a stationary
respectively nonstationary initial state. We discuss three applications of the scaling Green-Kubo re-
lation: Free diffusion with nonlinear friction corresponding to cold atoms diffusing in optical lattices,
the fractional Langevin equation with external noise recently suggested to model active transport
in cells and the Le´vy walk with numerous applications, in particular blinking quantum dots. These
examples underline the wide applicability of our approach, which is able to treat very different
mechanisms of anomalous diffusion.
I. INTRODUCTION
For many central results of statistical mechanics, the
stationarity of the described quantities is crucial. Sta-
tionarity is conveniently defined in terms of the auto-
correlation function 〈A(t + τ)A(t)〉 of an observable A,
where 〈. . .〉 denotes an ensemble average. The quantity
A is called stationary if this correlation function is inde-
pendent of the time t, called the age of the system, and
only depends on the time lag τ . Conversely, A is called
aging if the correlation function depends explicitly on the
age t. Generally, any system may show aging for short
enough times, but for a wide class of systems, relaxation
into the stationary state is exponentially fast. They can
thus be fully described by their stationary behavior on
time scales longer than the characteristic relaxation time.
However, this is not true for all physical systems. Some
systems may posses a stationary state but the relaxation
towards this state may be slow and thus important on
experimentally relevant time scales [1–4]. Other systems
may even exhibit aging on all experimentally accessible
time scales [5–7]. The extension and generalization of
known results for the stationary case to the aging one
is important to better understand and characterize the
behavior of aging systems [8]. In this work, we discuss
such a generalization of the Green-Kubo formula.
The Green-Kubo formula, a central result of nonequi-
librium statistical mechanics, expresses the spatial diffu-
sion coefficient, 〈x2(t)〉 ' 2D1t, as a time integral of the
stationary velocity correlation function [9, 10],
D1 =
∫ ∞
0
dτ 〈v(t+ τ)v(t)〉, (1)
For a Brownian particle of mass m with Stokes’ fric-
tion, the velocity correlation function is exponential,
〈v(t+ τ)v(t)〉 = kBT/m exp(−γ∗τ), and we get the Ein-
stein relation D1 = kBT/(mγ
∗) linking the diffusivity
and the friction coefficient γ∗ via the temperature T . The
Green-Kubo formula offers a simple way of relating the
diffusive properties of a system and its velocity dynam-
ics. However, it is only valid as long as there exists a
stationary velocity correlation function and its integral
is finite. If, by contrast the velocity correlation function
decays slowly or is nonstationary, Eq. (1) needs to be
generalized.
We present a generalization of Eq. (1) to superdiffusive
systems, 〈x2(t)〉 ' 2Dνtν with ν > 1. This generalized
Green-Kubo relation allows us to determine the diffusive
behavior of the system by studying the scaling properties
of the velocity autocorrelation. The scaling exponent will
be seen to be related to the diffusion exponent ν, while
the anomalous diffusion coefficient Dν is, in the spirit of
the original Green-Kubo formula, expressed as the inte-
gral over a scaling function. Our scaling Green-Kubo re-
lation is applicable to a wide range of systems exhibiting
anomalous scale invariant dynamics. These include sys-
tems whose velocity autocorrelations are stationary but
exhibit a slow power law decay, systems where the cor-
relation function shows usual aging, i.e. the correlation
time increases linearly with the age of the system, and
finally systems exhibiting what we refer to as superaging,
where in addition to aging, the variance of the velocity
increases with time.
One important finding is that even if a system’s ve-
locity correlation function is stationary in the long time
limit, the long time diffusive dynamics still may not be
described by this stationary correlation function. This
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2implies that aging effects can be important even in sys-
tems that are known to posses a stationary state, in par-
ticular, the diffusivity can depend strongly on the initial
state of the system. This is in contrast to the established
notion of transport coefficients as unique quantities that
are independent of the initial preparation of the system.
Such a persistence of the initial condition was previously
observed by Zumofen and Klafter for a certain class of
dynamical systems [11]. Our scaling Green-Kubo rela-
tion is able to treat both these persistence effects in sta-
tionary systems and actual aging systems, offering new
insights on the interrelation between diffusive behavior
and correlations.
In the course of this work, we discuss three examples of
such systems with widespread applicability. The first ex-
ample is diffusion under the influence of a nonlinear fric-
tion force that is inversely proportional to the velocity.
This unusual kind of friction force occurs as an effective
cooling force in the semiclassical treatment of cold atoms
in dissipative optical lattices [12]. The interaction of the
atoms with the lattice depends strongly on their velocity
and the Sisyphus cooling mechanism described by the
friction force is not effective for very fast atoms. This
nonlinear behavior of the friction force on the velocity
leads to anomalous dynamics including velocity correla-
tions that decay slowly in time [13] and exhibit super-
aging [14]. Our scaling Green-Kubo relation allows to
determine the spatial diffusion exponent and coefficient
from the structure of the velocity correlation function. In
a more general context, our results also apply to diffusion
in a logarithmic potential [14], which has applications in
a wide array of physical systems, like vortex dynamics
[15], long range interacting systems [16], particles near a
long charged polymer [17], nanoparticles in a trap [18],
self-gravitating particles [19] or the dynamics of dena-
turing DNA [20]. It has been noted by Hirschberg et al.
[21, 22] that the distribution function evolves differently
for different classes of initial conditions. By means of
our scaling Green-Kubo relation, we study under which
conditions this sensitivity on the initial condition carries
over to the diffusion coefficient.
As our second example, we consider the fractional
Langevin equation with external noise. In this case, the
anomalous dynamics are due to a power law friction ker-
nel, which describes a long range hydrodynamic mem-
ory, and power law correlated noise [23, 24]. The equi-
librium fractional Langevin equation has been shown to
provide a good description for anomalous subdiffusion in
a crowded environment, like the cytoplasm of biological
cells, in thermal equilibrium [25, 26]. In Refs. [27, 28]
an external nonequilibrium noise term has been intro-
duced to describe the superdiffusive behavior due to ac-
tive forces in living cells. In this superdiffusive regime,
we use our scaling Green-Kubo relation to determine the
diffusive properties from the velocity autocorrelation. In
particular, we find that the diffusion coefficient is sensi-
tive to whether the system is initially in the stationary
state or not, indicating that the naive stationary descrip-
tion of the system may not provide correct results for the
measured transport coefficients.
Our final example is a paradigm model for aging, the
Le´vy walk [29, 30]. In its simplest form, this model de-
scribes a particle whose velocity can have values ±v0 with
random switching between them. The time between two
consecutive changes in velocity is randomly selected ac-
cording to a heavy tailed power law waiting time distri-
bution, ψ(tw) ∼ t−µ−1w with 0 < µ < 2. In particular,
when 0 < µ < 1, the mean waiting time is infinite and the
velocity correlation function ages [31, 32]. The Le´vy walk
has been successfully applied to various systems, includ-
ing turbulence [33], search patterns of animals [34] and
blinking quantum dots [35]. For the latter case, we show
how our scaling Green-Kubo relation offers a straightfor-
ward way to connect the anomalous photon statistics to
the intensity autocorrelations.
II. GREEN-KUBO RELATION
We begin by generalizing the Green-Kubo formalism to
treat nonstationary power-law correlations. Our starting
point is the velocity correlation function, Cv(t2, t1) =
〈v(t2)v(t1)〉, which is defined as,
Cv(t2, t1) =
∫ ∞
−∞
dv2
∫ ∞
−∞
dv1 v2v1P (v2, t2|v1, t1)W (v1, t1).
(2)
Here P (v2, t2|v1, t1) is the conditional probability den-
sity, i.e. the probability to find a particle with veloc-
ity v2 at time t2, provided it had velocity v1 at t1, and
W (v1, t1) is the probability density to find a particle
with velocity v1 at t1. Equation (2) can be used to de-
termine the mean-square displacement 〈x2(t)〉, an im-
portant transport characteristic. In the case where the
process is stationary at long times, with stationary den-
sity Ws(v1) = limt1→∞W (v1, t1), and if P (v2, t2|v1, t1) =
P (v2, t2−t1|v1, 0), Eq. (2) tends to the stationary correla-
tion function Cv,s(τ) = 〈v(τ)v(0)〉s, which only depends
on the time lag τ = t2 − t1,
Cv,s(τ) =
∫ ∞
−∞
dv2
∫ ∞
−∞
dv1 v2v1P (v2, τ |v1, 0)Ws(v1).
(3)
Since x(t) =
∫ t
0
dt1v(t1), we can express the second mo-
ment of the position as 〈x2(t)〉 = ∫ t
0
dt2
∫ t
0
dt1Cv(t2, t1)
for a particle starting at the origin, x(t) = 0 for t = 0.
The (one-dimensional) diffusion coefficient D1 then fol-
lows as,
D1 =
1
2
lim
t→∞
d
dt
〈x2(t)〉 = lim
t→∞
∫ t
0
dτ Cv,s(τ), (4)
where the subscript 1 indicates that diffusion is normal,
〈x2(t)〉 ' 2D1t1. The Green-Kubo formula (4) only holds
if the velocity correlation function Cv(t2, t1) has a sta-
tionary limit and if it decays fast enough (e.g. exponen-
tially) so that the time integral is finite. This condition
3defines a certain class of correlation functions. For this
kind of system, even if the initial state is not the station-
ary one, it is justified to assume the validity of Eq. (4), as
long as one is interested in the dynamics on time scales
much longer than the characteristic correlation time. In
the following, we will introduce a different class of corre-
lation functions, for which the Green-Kubo formula (4)
does not hold. Note that generally, there is also the pos-
sibility that the time integral in Eq. (4) vanishes. This
leads to subdiffusion, which we will not consider here.
We consider systems whose velocity correlation func-
tion has the following asymptotic scaling form when both
t, called the age of the system, and τ , the time lag, are
large compared to the system’s microscopic time scales,
Cv(t+ τ, t) ' C tν−2φ
(τ
t
)
. (5)
This expression is valid for τ > 0; for τ < 0, one has
to replace τ by −τ and t by t + τ in order to respect
the symmetry of the correlation function with respect to
interchanging its arguments. Here C is a constant and
ν > 1. The asymptotic behavior of the positive valued
scaling function φ(s) is limited by power laws,
φ(s) < cls
−δl with 2− ν ≤ δl < 1 for s→ 0
φ(s) < cus
−δu with δu > 1− ν for s→∞, (6)
where cl and cu are positive constants. These conditions
do not require φ(s) to behave as a power law at small
and/or large arguments as long as the asymptotic behav-
ior is within the above limits, so φ(s) might for example
decay exponentially for large s. Since the correlation
function function Eq. (5) explicitly depends on the age
t of the system, it is an aging correlation function, in
contrast to a stationary correlation function which only
depends on the time lag τ . The asymptotic mean square
displacement 〈x2(t)〉 for this type of correlation function
is then given by,
〈x2(t)〉 ' 2C
∫ t
0
dt2
∫ t2
0
dt1 t
ν−2
1 φ
(
t2 − t1
t1
)
, (7)
where we have used the symmetry of the correlation func-
tion (5). Introducing the variable s = (t2 − t1)/t1, we
obtain,
〈x2(t)〉 ' 2C
∫ t
0
dt2 t
ν−1
2
∫ ∞
0
ds (s+ 1)−νφ(s). (8)
We thus arrive at our first main result,
〈x2(t)〉 ' 2Dνtν (9)
with Dν =
C
ν
∫ ∞
0
ds (s+ 1)−νφ(s).
While the usual Green-Kubo relation (4) holds for normal
diffusion, this scaling Green-Kubo relation (9) is applica-
ble to ν > 1, which corresponds to superdiffusion. Since
then 〈x2(t)〉 grows faster than linear in time, the usual
diffusion coefficient in Eq. (4) is not defined. Instead, we
have the anomalous diffusion coefficient Dν , which, sim-
ilarly to the original Green-Kubo formula (4), is given in
terms of an integral over a function of a single variable.
Determining the diffusive behavior of a system from its
correlation function thus amounts to determining the ex-
ponent ν and the scaling function φ(s).
While we derived Eq. (9) in terms of position and ve-
locity, it holds for any two quantities where one is the
time integral of the other. An example for this is given
in Section III C.
A. Classification
The velocity correlation function Eq. (5) includes two
important special cases. The first are long range station-
ary correlation functions which exhibit a power law decay
for large τ ,
Cv,s(τ) ' Cs τν−2 (10)
with 1 < ν < 2 and C > 0 a constant. This is obtained
from Eq. (5) if the scaling function is given by φ(s) =
sν−2. While this correlation function is stationary, its
decay is such that the time integral in Eq. (4) diverges
in the infinite time limit, so that the usual Green-Kubo
formula is not applicable. From the scaling Green-Kubo
relation Eq. (9), we obtain,
〈x2(t)〉 ' 2Dν,stν with Dν,s = Cs
ν(ν − 1) , (11)
where the subscript s stands for stationary. In this case,
the anomalous diffusion coefficient can also be expressed
in terms of a fractional derivative of the stationary ve-
locity autocorrelation function as was shown by Kneller
[36]. However, as we will see below, the stationary corre-
lation function may not be sufficient to describe the long
time diffusivity of the system. The second special case is
ν = 2 where we have the usual type of aging correlation
function, which is of the form [5, 6, 8, 37],
Cv(t+ τ, t) ' C φ
(τ
t
)
. (12)
Since in this case, there exists no stationary correlation
function, Eq. (4) is not applicable. For the aging type of
correlation function, Eq. (12), we find ballistic behavior,
〈x2(t)〉 ' 2D2t2 (13)
with D2 =
C
2
∫ ∞
0
ds (s+ 1)−2φ(s).
For ν > 2, we refer to the correlation function Eq. (5)
as superaging, since then, in addition to the dependence
on the age of the system via the scaling function like in
the usual aging case Eq. (12), the overall value of the
correlation function also increases with the age of the
system. A similar type of correlation function, although
4with a logarithmic time dependence of the prefactor has
been found for a random walker in a random environment
[38]. Summarizing, we thus have four different classes of
correlation functions: Stationary, integrable correlation
functions are covered by the usual Green-Kubo formula
Eq. (4). By contrast, stationary, nonintegrable correla-
tion functions and aging correlation functions, which we
can further differentiate into aging and superaging ones,
are all encompassed by the scaling Green-Kubo relation
Eq. (9). Three important examples for physical mod-
els whose correlation functions belong to one of the lat-
ter three classes and thus follow the asymptotic behavior
Eq. (5) are discussed in section III.
The occurrence of the scaling function φ(s) in Eq. (5)
captures the fact that the age t of the system also sets
the time scale on which the correlations decay, i.e. the
correlation time increases linearly with the age of the
system. For the usual exponential kind of correlation
functions, the correlation time is constant and provides a
typical time scale. In aging systems, no constant correla-
tion time exists or it is much larger than the time scales
over which the system is observed. Then the only rele-
vant time scale is the age of the system. If the correlation
time increases slower or faster than linear with the age of
the system, the diffusion may be retarded (and even sub-
diffusive) or accelerated compared to Eq. (9), depending
on the asymptotic behavior of the scaling function φ(s).
The case where the correlation time depends sublinearly
on the age of the system, is also referred to as subaging
[39, 40]. This retarded and accelerated aging is discussed
in the appendix.
B. Application to experimental data
Before we start discussing the application of the scal-
ing Green-Kubo relation to specific physical systems, we
outline its application as a data analysis method for a
generic velocity correlation function that has been ob-
tained experimentally or numerically. To this end, we
use the velocity correlation function generated by per-
forming numerical Langevin simulations of free diffusion
under the influence of a friction force that is inversely
proportional to the velocity (see Section III A for details).
For now, we do not discuss the specifics and properties of
this system but instead just use it as a way to generate
the data for the correlation function. Applying Eq. (9)
to the measured correlation function requires identifying
the scaling behavior of the latter. This is done in the
following way, as illustrated in Fig. 1: First, we obtain
the correlation function as a function of the time lag τ
for different initial times t and plot it as a function of τ/t
(Fig. 1a) and b)). Then we rescale the resulting curves
by tν−2, the correct value of ν being obtained when the
data collapses onto a single curve (Fig. 1c)). This de-
termines the diffusion exponent ν. The single rescaled
curve is then the function φ(s) in Eq. (9). Multiplying
φ(s) by (1 + s)−ν and numerically integrating the result-
ing curve, we obtain the generalized diffusion coefficient
Dν . In Fig. 1d), we compare the results obtained in this
way to the mean square displacement obtained directly
from the numerical simulations by integrating the veloc-
ity process and also to the asymptotic analytical one (see
Eqs. (31) and (32)) and find good agreement within the
accuracy of the numerical simulations. Compared to de-
termining the diffusion exponent and coefficient directly
from the data for the mean square displacement, this
rescaling method has the advantage that it does not re-
quire any fitting of the data.
C. Persistence of initial conditions
Previously, we discussed the long time limit of the
mean square displacement of a process starting at time
t = 0. However, since the systems we are interested
in exhibit long time correlations, the previous history of
the system, i.e. the initial condition, may have a signif-
icant impact on the dynamics. In order to discuss the
effect of the initial condition, let us consider a slightly
different situation. We still assume that the long time
asymptotic form of the correlation function is given by
Eq. (5). However, now consider the relative mean square
displacement 〈∆x2(t)〉t0 = 〈(x(t+ t0)− x(t0))2〉 with re-
spect to some long aging time t0. We can think of t0
as an ”equilibration time”: The process starts with a
sharp initial condition (e.g. v(0) = 0, x(0) = 0) and
we let it evolve for a time t0 before starting to measure
the mean square displacement. Note that generally we
consider nonstationary systems, which possess no actual
equilibrium state, hence the quotation marks on ”equi-
libration time”. By definition, the relative mean square
displacement is given by,
〈∆x2(t)〉t0 = 〈(x(t0 + t)− x(t0))2〉
=
∫ t0+t
t0
dt2
∫ t0+t
t0
dt1Cv(t2, t1)
' 2C
∫ t
0
dt2
∫ t2
0
dt1(t1 + t0)
ν−2φ
(
t2 − t1
t1 + t0
)
.
(14)
Introducing the variables s = (t2 − t1)/(t1 + t0) and z =
t2/t, we can write this as,
〈∆x2(t)〉t0 ' 2Dt/t0ν tν
with Dt/t0ν = C
∫ 1
0
dz zν−1
(
1 +
1
z tt0
)ν−1
×
∫ z tt0
0
ds (s+ 1)−νφ(s). (15)
This resembles the scaling Green-Kubo relation (9), how-
ever with an anomalous diffusion coefficient D
t/t0
ν that
formally depends on the ratio t/t0. In the limit t t0, we
can neglect the second term in parentheses and take the
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FIG. 1. Computation of the diffusion exponent and coefficient for cold atoms in optical lattices from the correlation function
using the scaling Green-Kubo formula Eq. (9). a) Correlation function as a function of the total time t+τ for different values of
t. b) Correlation function plotted as a function of τ/t. c) After rescaling by tν−2 with ν = 2.37. d) Mean square displacement
obtained by integrating over the rescaled correlation function φ(s) (empty circles) compared to the analytical result Eqs. (31)
and (32) (red line) and the mean square displacement obtained directly from the Langevin simulation (blue squares). From
the rescaling and integration procedure, we obtain ν ' 2.37 and Dν ' 0.321, which agrees well with the asymptotic analytical
results ν = 2.37 and Dν = 0.323. The parameters for the simulation are D = 3.25, γ = 5.10, and vc = 1.20 (see Eq. (22)) with
106 trajectories and 2.5× 105 integration steps per trajectory.
upper bound of the second integral in Eq. (15) to infinity
to obtain the expression given by the scaling Green-Kubo
relation (9) independent of t0,
D∞ν = Dν =
C
ν
∫ ∞
0
ds (s+ 1)−νφ(s). (16)
For finite equilibration times, the scaling Green-Kubo re-
lation together with the aging correlation function Eq. (5)
thus gives the ”true” long time limit for the mean square
displacement.
In the opposite limit t t0, on the other hand, the be-
havior is governed by the small-s expansion of the scaling
function φ(s),
Dt/t0ν ' C
(
t0
t
)ν−1 ∫ 1
0
dz
∫ z tt0
0
ds φ(s). (17)
Generally, if the second moment of the velocity is asymp-
totically either constant or increases with time, 〈v2(t)〉 =
C(t, t) ' aCtβ with some positive constant a and 0 ≤ β <
ν−1, continuity demands φ(s) ' as−δl with δl = 2−ν+β
for small s and thus,
Dt/t0ν '
aC
(ν − β + 2)(ν − β + 1)
(
t0
t
)β
. (18)
Consequently, we find for the relative mean square dis-
placement,
〈∆x2(t)〉t0 ' 2
aC
(ν − β + 2)(ν − β + 1) t
β
0 t
ν−β . (19)
This is obviously different from Eq. (9), in particular the
diffusion exponent is different and the anomalous diffu-
sion coefficient grows with the aging time t0. This shows
that the history of the process, and, by extension, the ini-
tial state of the systems at time t0 influence the diffusive
behavior. For β > 0, where the second moment of the
velocity increases with time and thus no stationary corre-
lation function exists, this is not surprising. If we let the
process evolve for a longer time, the overall velocity will
increase and thus diffusion becomes faster. Of particular
interest is the case β = ν − 2 > 0, that occurs for the
superaging regime of the examples discussed in Sections
III A and III B. Here we find from Eq. (19) quasi-ballistic
diffusion with an anomalous diffusion coefficient that in-
creases with t0.
If the stationary correlation function Eq. (10) exists,
the second moment of the velocity is asymptotically con-
stant and thus β = 0. We then have with Cs = aC,
D0ν =
Cs
ν(ν − 1) = Dν,s. (20)
This is precisely the stationary result Eq. (11). In this
case, we thus have two values for the anomalous diffusion
coefficient,
〈∆x2(t)〉t0 '
{
2Dνt
ν for t t0
2Dν,st
ν for t t0,
(21)
both of which are independent of t0. A particular case
of Eq. (21) is ν = 2, β = 0, when the aging correlation
function Eq. (12) tends to a constant which takes the
place of the stationary correlation function for t  τ .
An example of this is the aging correlation function for
the Le´vy walk, see Section III C. Which of the two val-
ues Dν and Dν,s in Eq. (21) correctly describes the long
time diffusive behavior depends on the initial prepara-
tion of the system: If the system is not initially in the
stationary state (i.e. t0 is finite), then we need to use the
aging correlation function Eq. (5) and obtain Dν for the
diffusivity. On the other hand, if the system is initially
prepared in the stationary state (i.e. infinite t0), then it
6is correctly described by the stationary correlation func-
tion Eq. (10) and we obtain Dν,s for the diffusivity. The
initial condition of the system thus persists even in the
long time limit. This is in contrast to systems where the
correlations decay exponentially and the long time dif-
fusivity is uniquely determined by the Green-Kubo for-
mula (4) independent of the initial condition. Examples
for this persistence of the initial condition are discussed
in Section III.
III. APPLICATION TO THREE SCALE
INVARIANT SYSTEMS
A. Diffusion with a 1/v friction force
Our first example for a scale invariant system to which
our scaling Green-Kubo formula is applicable is diffu-
sion with a friction force that is inversely proportional to
the velocity. The velocity dynamics are governed by the
Fokker-Planck equation,
∂tW (v, t) = ∂v[−F (v)W (v, t)) +D∂vW (v, t)], (22)
for the velocity probability density W (v, t), D being the
velocity diffusion coefficient. We take the the friction
force to be asymptotically inversely proportional to the
velocity,
F (v) ' −γv
2
c
v
for v  vc, (23)
with friction coefficient γ and characteristic velocity vc.
A concrete example would be,
F (v) = − γv
1 + v2/v2c
, (24)
which is linear for small velocities and has the desired
behavior (23) for large velocities. This particular form of
the friction force occurs in the semiclassical description
of cold atoms in dissipative optical lattices [12, 13]. It
turns out that the long time dynamics depend crucially
on the ratio of the prefactor γv2c of the friction force and
the diffusion coefficient D. Specifically we introduce the
parameter,
α =
γv2c
2D
+
1
2
, (25)
in terms of which the stationary solution of Eq. (22) for
α > 1 is given by [41],
Ws(v) =
1
Z
(
1 +
v2
v2c
) 1
2−α
with Z =
√
piΓ(α− 1)vc
Γ (α− 1/2) ,
(26)
where Γ(a) denotes the Gamma function. This station-
ary velocity distribution has power law tails, meaning
that, depending on the exponent, different moments of
the stationary distribution will be infinite. In particular,
the second moment diverges when α < 2, which implies
infinite kinetic energy Ek = m〈v2〉/2. For cold atoms in
optical lattices, both the power law probability density
and the divergence of the kinetic energy have been ob-
served in experiments [42, 43]. Since an infinite kinetic
energy is nonphysical, it is clear that a time dependent
solution to the Fokker-Planck equation (22) is required
to capture the dynamics. Asymptotically for large ve-
locities and long times, this time dependent solution is
given by the infinite covariant density derived in [44],
WICD(v, t) '

1
ZΓ(α)
(
|v|
vc
)1−2α
Γ
(
α, v
2
4Dt
)
for α > 1
1
Γ(1−α) (4Dt)
α−1|v|1−2αe− v24Dt
for α < 1,
(27)
with the upper incomplete Gamma function Γ(a, x). In
conjunction with the stationary solution, the infinite co-
variant density determines the asymptotic behavior of all
moments, in particular,
〈v2(t)〉 '

v2c
2(α−2) forα > 2
v2α−1c
ZΓ(α)(2−α) (4Dt)
2−α for 1 < α < 2
(1− α)4Dt for α < 1.
(28)
For α < 2, where the second moment of the stationary
distribution is infinite, the kinetic energy thus increases
with time. The corresponding velocity correlation func-
tion was derived in [14, 45] and has the asymptotic be-
havior,
Cv(t+τ, t) '
v2α−1c
√
pi
ZΓ(α)Γ(α+1) (4Dt)
2−αfα
(
τ
t
)
for α > 1
pi
Γ(1−α)Γ(α+1) 4Dt gα
(
τ
t
)
for α < 1,
(29)
with the functions fα(s) and gα(s) defined by,
fα(s) = s
2−α
∫ ∞
0
dy y2e−y
2
1F1
(
3
2
;α+ 1; y2
)
× Γ (α, y2s) ,
gα(s) = s
∫ ∞
0
dy y2e−y
2
1F1
(
3
2
;α+ 1; y2
)
e−y
2s,
(30)
where 1F1(a; b;x) is a hypergeometric function.
For α < 3, the correlation function Eq. (29) is precisely
of the type (5), and we can apply our scaling Green-Kubo
relation (9) and immediately obtain for the diffusion ex-
ponent,
ν =
{
4− α for 1 < α < 3
3 for α < 1.
(31)
7Similarly, the anomalous diffusion coefficient is given by,
Dνθ
ν
ξ2
=

42−αΓ(α− 12 )
Γ(α+1)Γ(α)Γ(α−1)(4−α)
∫∞
0
ds(s+ 1)α−4fα(s)
for 1 < α < 3
4
√
pi
3Γ(α)Γ(1−α)
∫∞
0
ds(s+ 1)−3gα(s)
for α < 1,
(32)
with the time and length scales θ = v2c/D and ξ = v
3
c/D.
For α > 3, the usual Green-Kubo formula (4) holds.
We can thus identify three different diffusion phases [46]:
normal diffusion 〈x2(t)〉 ∼ t when α > 3, anomalous
superdiffusion 〈x2(t)〉 ∼ t4−α when 1 < α < 3, and
Richardson-like diffusion 〈x2(t)〉 ∼ t3 when α < 1, which
is known from turbulence [47] and has recently been ob-
served as a transient behavior in ordinary Brownian mo-
tion [48].
As the age of the systems tends to infinity, t τ , the
velocity correlation function Eq. (29) attains a stationary
limit for α > 2 [13],
Cv,s(τ) ' v2α−1c
pi Γ(α− 2)
4Z Γ2
(
α− 12
) (4Dτ)2−α. (33)
Applying the scaling Green-Kubo relation Eq. (9) to the
stationary correlation function, Eq. (33), we find for 2 <
α < 3 by virtue of Eq. (11),
Dν,s
ξ2θ−ν
=
41−α
√
pi
Γ
(
α− 12
)
(α− 2)(4− α)(3− α) . (34)
Both the stationary and nonstationary expression the
anomalous diffusion coefficient are plotted in Fig. 2.
Clearly, the two results differ substantially as the system
approaches the aging phase α < 2. Both results describe
the asymptotic long time behavior, but correspond to
different initial conditions. For the stationary expression
Dν,s, Eq. (34), the initial velocity probability distribu-
tion is the stationary power law distribution, Eq. (26).
By contrast, if the system starts out with a narrow (e.g.
Gaussian) velocity initial condition, the asymptotic mean
square displacement is described by Dν , Eq. (32). In
Refs. [21, 22] it was observed that these two classes of
initial conditions lead to a qualitatively different time
evolution of the velocity probability density. Our scal-
ing Green-Kubo relation shows that for 2 < α < 3, the
initial condition also persists in the diffusive behavior of
the system in the form of different expressions for the
anomalous diffusion coefficient. For α < 2, there is no
stationary velocity correlation function and the system
ages. Here, Eqs. (31) and (32) describe the diffusive be-
havior on time scales that are much longer than the initial
relaxation time of the system (see also Eq. (15)). For long
relaxation times, the diffusion becomes quasi-ballistic, as
was discussed in Ref. [49].
The diffusion coefficient Dν (32) can be seen (Fig. 2)
to diverge at the transition from normal to superdiffu-
sion (α = 3), and in contrast, to vanish at the transition
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FIG. 2. Diffusion coefficient Dν/(ξ
2θ−ν) (32) for cold atoms
in optical lattices as a function of the parameter α (red line);
the result for the normal diffusive case α > 3 was taken from
[50]. The result Dν,s from using the stationary correlation
function Eq. (34) is shown in blue. The coefficient Dν di-
verges at the transition from normal to anomalous superdif-
fusion (α = 3) and vanishes at the transition from superdiffu-
sion to t3-diffusion (α = 1). While the values obtained from
the aging and stationary correlation functions agree if the
system is in the normal phase α > 3, they differ significantly
as the sytem becomes more superdiffusive, clearly signifying
the dependence on the initial condition. As α approaches the
transiton to aging behavior at α = 2, the stationary corre-
lation function ceases to provide a good description of the
finite time system and the corresponding diffusion coefficient
diverges.
from superdiffusion to t3-diffusion (α = 1). This irregu-
lar behavior of the diffusion coefficient at the transitions
justifies referring to the three different regimes as diffu-
sion phases, as it indicates a change in the qualitative
dynamics of the system.
B. Fractional Langevin equation
Next, we will consider the motion of a tracer particle
in a crowded environment under the influence of external
noise. The motion is governed by the fractional Langevin
equation [23, 24, 27, 51–56],
v˙(t) = −
∫ t
0
dt′γ(t− t′)v(t′) + 1
m
η(t), (35)
where the memory kernel γ(t) describes the retarding
friction experienced by the tracer in a crowded environ-
ment [26], like the cytoplasm of biological cells. This
friction kernel is given by,
γ(t) =
γρ
Γ(ρ)
tρ−1, (36)
8with 0 < ρ < 1 and a generalized friction coefficient γρ.
If the noise η(t) is thermal equilibrium noise, it is re-
lated to the friction kernel via the fluctuation-dissipation
theorem,
〈η(t2)η(t1)〉 = mkBTγ(t2 − t1), (37)
which expresses the fact that both friction and internal
noise are due to interaction with the thermal bath. In
this case, Eqs. (35) and (36) describe the motion of the
tracer in a crowded equilibrium environment, which is
known to exhibit subdiffusion with exponent ν = 1 − ρ
[23, 24]. If η(t) is considered to be an external noise
driving the system out of equilibrium, the fluctuation-
dissipation theorem does not hold, and the system may
become superdiffusive [27, 28]. In living cells, this ex-
ternal noise is due to the action of molecular motors and
drives active transport [27]. It requires an external source
of energy (e.g. ATP) to continuously keep the system out
of equilibrium [57].
Like the equilibrium noise, we take the external noise
to be a Gaussian, power law correlated process. However,
we allow the external noise to be nonstationary, which, as
shown in [28], is necessary to explain the superdiffusion
exponent observed in several experiments [57, 58]. More
precisely, we define the autocorrelation of the noise in
terms of its Laplace transform η˜(s) =
∫∞
0
dte−stη(t) [28],
〈η˜(s2)η˜(s1)〉 = Fλ (s2s1)
−λ2
s2 + s1
, (38)
with λ > ρ and the constant Fλ describing the magnitude
of the external noise. The condition λ > ρ ensures that
the external noise correlations decay more slowly than
those of the internal noise. In the time domain, the noise
correlations read,
〈η(t+ τ)η(t)〉 = (−1)−λ2 Fλ
Γ2
(
λ
2
)τλ−1B(− t
τ
,
λ
2
,
λ
2
)
,
(39)
where B(x, a, b) is the incomplete Beta function. The
noise process has a stationary autocorrelation for λ < 1
in the limit t → ∞, specifically 〈η(t + τ)η(t)〉 ∝ τλ−1.
For λ > 1 on the other hand, the noise correlations are
nonstationary, here the variance of the external noise in-
creases with time as 〈η2(t)〉 ∝ tλ−1. [59]
The velocity autocorrelation can be obtained by solv-
ing Eq. (35) in Laplace space and then inverting the
Laplace transform. The exact solution can be ex-
pressed in terms of the generalized Mittag-Leffler func-
tion Ea,b(x) [28],
Cv(t+ τ, t) =
Fλ
m2
∫ t
0
dt′Gρ,λ(τ + t′)Gρ,λ(t′) (40)
with Gρ,λ(t) = t
λ
2Eρ+1,λ2 +1
(−γρtρ+1).
The scaling properties of this expression become ap-
parent when considering the limit of long times τ, t 
γ
−1/(1+ρ)
ρ ,
Cv(t+τ, t) '
Fλ
m2γ2ρΓ
(
λ
2 − ρ
)
Γ
(
λ
2 − ρ+ 1
)[(t+ τ)λ2−ρ−1tλ2−ρ
+ (−1)ρ−λ2
(
λ
2
− ρ− 1
)
τλ−2ρ−1
× B
(
− t
τ
,
λ
2
− ρ+ 1, λ
2
− ρ− 1
)]
. (41)
Casting this in the form of Eq. (5), we have,
Cv(t+ τ, t) ' C tν−2φ
(τ
t
)
(42)
with ν = λ− 2ρ+ 1, C = Fλ
m2γ2ρΓ
(
ν−1
2
)
Γ
(
ν+1
2
)
and φ(s) = (1 + s)
ν−3
2
+ (−1) 1−ν2 ν − 3
2
sν−2B
(
−1
s
,
ν + 1
2
,
ν − 3
2
)
.
We can immediately read off the diffusion exponent ν =
λ− 2ρ+ 1 and find that the system is superdiffusive for
λ > 2ρ. Using our scaling Green-Kubo relation (9), we
can then calculate the anomalous diffusion coefficient by
integrating the scaling function φ(s),
Dν =
Fλ
m2γ2ρ
1
2νΓ2
(
ν+1
2
) . (43)
In the regime 1 < ν < 2, that is, for subballistic su-
perdiffusion, the velocity autocorrelation Eq. (41) attains
a stationary limit,
Cv,s(τ) ' Fλ
pim2γ2ρ
Γ(2− ν) sin
(
pi
ν − 1
2
)
τν−2. (44)
Similarly to Section III A, we can apply the scaling
Green-Kubo relation Eq. (9) to both Eqs. (42) and (44).
From the latter, we obtain,
Dν,s =
Fλ
m2γ2ρ
Γ(2− ν) sin (pi ν−12 )
piν(ν − 1) . (45)
The results for the anomalous diffusion coefficient are
shown in Fig. 3. Once again, we observe significant dif-
ferences between using the stationary and aging corre-
lation functions as the diffusion exponent increases. In
contrast to the system discussed in section III A, the sta-
tionary state is not fully described by the correspond-
ing velocity distribution. Since the fractional Langevin
equation (35) is non-Markovian, we need to specify the
entire history of the process to determine the correct sta-
tionary state. Even if the velocity is initially distributed
according to the stationary distribution, which is Gaus-
sian with width 〈v2〉s = (Fλ/m2)
∫∞
0
dt G2ρ,λ(t), we still
obtain the nonstationary result Eq. (43) for the diffu-
sion coefficient. The stationary result Eq. (45) is only
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FIG. 3. The anomalous diffusion coefficient Dν/(Fλγ−2ρ ) for
the fractional Langevin equation as a function of the diffusion
exponent ν. The red line is the result using the aging correla-
tion function Eq. (42) and the blue line the one from the sta-
tionary correlation function Eq. (44). Close to the threshold
to normal diffusion ν = 1, both values agree, however as the
diffusion exponent increases the two results deviate from each
other. At the transition to the nonstationary phase (ν = 2),
the stationary result diverges.
obtained if we explicitly let the process evolve for some
long time t0 before starting the measurement of the mean
square displacement.
In the regime ν > 2, the velocity autocorrelation
Eq. (41) is superaging and the variance of the velocity
increases with time. The results for the diffusion expo-
nent ν = λ − 2ρ + 1 and the diffusion coefficient Dν ,
Eq. (43), remain unchanged. However, similarly to the
superaging case in Section III A, we then find faster than
ballistic diffusion in this regime.
C. Blinking quantum dots and Le´vy walk
As our final example for the application of the scal-
ing Green-Kubo relation, we study the time dependent
intensity I(t) of the light emitted by nanocrystals em-
bedded in a disordered medium. This deviates from the
discussion so far in that the observables of interest are no
longer velocity and position. Instead, we identify the ve-
locity with the intensity and the total number of emitted
photons, which is proportional to the time integral over
the intensity, as the position. The intensity exhibits a
phenomenon called blinking: The quantum dot will emit
light during some periods and remain dark during others
[60–62]. The lengths of these on and off periods are found
to be distributed according to a power law whose expo-
nent is such that the average on and off time is infinite
(i.e. of the order of the measurement time), leading to ag-
ing in the intensity autocorrelation function [7, 63]. This
model is the familiar Le´vy walk [11, 30, 33, 64] which is
a popular stochastic framework with many applications.
As mentioned in the introduction, Zumofen and Klafter
[11] showed that the diffusivity in this model is sensi-
tive to the initial conditions. Here we demonstrate the
applicability of our scaling Green-Kubo relation, while
previous works used renewal theory approaches [7, 31].
We consider the special case where the on (+) and
off (−) times of a blinking quantum dot follow the
same power law distribution ψ+(t) = ψ−(t) = ψ(t) ∼
(t/tc)
−µ−1 for t  tc with 0 < µ < 2. Thus the dot is
in the on state with intensity I = 1 for a waiting time
drawn from ψ(t), after which it switches to the off state
I = 0, again with a sojourn time drawn from ψ(t) and
so on. The average on/off time t¯ only exists for µ > 1
and is infinite for 0 < µ < 1. For this form of the distri-
bution, the aging intensity autocorrelation for long times
and 0 < µ < 1 has been explicitly obtained in Refs. [7, 31]
by mapping the problem onto a Le´vy walk,
〈I(t+ τ)I(t)〉
' 1
2
(
1− sin(piµ)
2pi
B
(
1
1 + tτ
, 1− µ, µ
))
. (46)
Comparing this to the shape of the correlation function
Eq. (5), we find ν = 2, C = 1/2 and,
φ(s) = 1− sin(piµ)
2pi
B
(
s
1 + s
, 1− µ, µ
)
. (47)
Figure 4 shows the correlation function Eq. (46) for
µ = 0.6 obtained from numerical simulations. Plotting
the intensity autocorrelation as a function of τ/t results
in a data collapse without any rescaling, indicating the
pure aging behavior for 0 < µ < 1. The total num-
ber of photons n(t) emitted by the quantum dot during
time t is proportional to the time integral of the inten-
sity, n(t) = I0
∫ t
0
dt′I(t′) with I0 the physical intensity
of the dot in the on state. Consequently, ν = 2 in the
scaling Green-Kubo relation Eq. (9) immediately implies
that the second moment of the photon number exhibits
ballistic scaling (see Eq. (13)) [30]:
〈n2(t)〉 ' I
2
0
2
(
1− µ
2
)
t2. (48)
Since the average intensity is asymptotically constant,
〈I(t)〉 ' 1/2, we find for the variance of the photon num-
ber,
〈δn2(t)〉 = 〈n2(t)〉 − 〈n(t)〉2 ' 2D2t2
with D2 =
I20
8
(1− µ), (49)
which also scales ballistically. This agrees with the result
obtained in Ref. [35] using the probability distribution
P (n, t) of the photon number and with the experimental
observation of a linear increase of Mandel’s Q-parameter
Q = 〈δn2(t)〉/〈n(t)〉 [65].
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FIG. 4. Aging correlation function for the blinking quan-
tum dots. The plots were obtained from numerical Le´vy walk
simulations with tc = 1 and µ = 0.6. Since the correlation
function is of the usual aging type (ν = 2), no rescaling is
necessary for the curves to collapse onto a single one. Inte-
grating this curve, we obtain the coefficient D2 ' 0.043 in
good agreement with the result D2 = 0.05 from Eq. (48).
For 1 < µ < 2, we find from the general results of
Ref. [7],
〈I(t+ τ)I(t)〉 ' 1
4
[
1 +
tµc
(µ− 1)t¯
[
τ1−µ − (t+ τ)1−µ
]]
,
(50)
which for long times t  τ approaches the stationary
limiting form,
〈I(t+ τ)I(t)〉s ' 1
4
[
1− t
µ
c
(µ− 1)t¯ τ
1−µ
]
. (51)
Due to the constant term, these expressions are not pre-
cisely of the scaling form (5) respectively (10). This con-
stant term leads to a ballistic contribution in the second
moment of the photon number. However, by considering
the fluctuations of the intensity δI(t) = I(t)−1/2, which
are related to the fluctuations of the photon number by
δn(t) = I0
∫ t
0
dt′δI(t), we can once again apply the scal-
ing Green-Kubo relation (9) to find subballistic scaling
for the variance of the photon number [30],
〈δn2(t)〉 ' 2Dνtν (52)
with ν = 3− µ and,
Dν =
I20 tµc
4(3− µ)(2− µ)t¯ , (53)
respectively,
Dν,s =
I20 tµc
4(3− µ)(2− µ)(µ− 1)t¯ . (54)
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FIG. 5. The anomalous diffusion coefficient Dν/(I20 tµ−1c ) for
the variance of the photon number. Here we assumed a wait-
ing time distribution of the form ψ(t) = 0 for t < tc and
ψ(t) = µ/tc(t/tc)
−µ−1 for t > tc. The stationary result
Dν,s (Eq. (54), blue) differs from the nonstationary one Dν
(Eq. (53), red) but is finite at the transition to the aging phase
µ < 1. The blue dashed line is the result obtained for long
aging times t0 in the aging regime.
Similarly to our previous two examples, we have two dif-
ferent expressions for the anomalous diffusion coefficient
depending on the initial preparation of the system. As
noted, this is in agreement with the result obtained in
Ref. [11] using a different approach. Both expressions
for the diffusion coefficient are shown in Fig. 5. In con-
trast to the cases discussed in Sections III A and III B,
the aging correlation function Eq. (46) does not increase
as a function of t for t τ but tends to a constant value.
As a consequence the stationary diffusion coefficient does
not diverge as we approach the aging regime µ < 1. For
µ < 1 there is no actual stationary correlation function,
however, depending on whether the measurement time
is large or small compared to the aging time t0, we still
obtain two different values for the anomalous diffusion
coefficient, see Section II C. Finally, for µ > 2, the usual
Green-Kubo relation is applicable and the variance of the
photon number increases linearly with time.
While the explicit calculation of the intensity correla-
tions and photon statistics is possible for the two-state
model used in Refs. [7, 35], this is no longer the case for
more realistic models which take into account that there
may be more than a single on state or exponential cut-
offs on the power law statistics of on and/or off times
[66]. Since our scaling Green-Kubo relation Eq. (9) only
relies on the asymptotic scaling of the intensity correla-
tion function, it can be used to relate intensity correla-
tions and photon statistics even for models that are only
tractable numerically.
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FIG. 6. Sample trajectories for the three systems discussed in Section III. Top: diffusion with a nonlinear 1/v friction force.
Middle: fractional Langevin equation with external noise. Bottom: Le´vy walk alternating between ±v0. The left figure depcits
the velocity of a single trajectory as a function of time, the right figure the corresponding position. The parameters were
chosen such that the diffusion exponent for all three systems is ν ' 1.5 and the (dimensionless) anomalous diffusion coefficient
is Dν ' 0.25. Despite similar diffusive properties, the actual trajectories are apparently very different.
scaling
Green-Kubo
diffusion exponent ν correlation function diffusion coefficient
nonlinear 1/v friction
friction parameter 1
2
< α <∞ α < 3
1 for α > 3
4− α for 1 < α < 3
3 for α < 1
stationary for α > 2
superaging for α < 2
unique for α > 3
Dν 6= Dν,s for 2 < α < 3
Dν 6= Dt/t0ν for α < 2
fractional Langevin equation
friction exponent 0 < ρ < 1
noise exponent λ > ρ
λ > 2ρ λ− 2ρ+ 1 stationary for λ < 2ρ+ 1
superaging for λ > 2ρ+ 1
Dν 6= Dν,s for λ < 2ρ+ 1
Dν 6= Dt/t0ν for λ > 2ρ+ 1
Blinking quantum dots
on/off time exponent µ > 0
µ < 2
1 for µ > 2
3− µ for 1 < µ < 2
2 for µ < 1
stationary for µ > 1
aging for µ < 1
unique for µ > 2
Dν 6= Dν,s for α < 2
TABLE I. Summary of the aging and diffusive properties for the three systems discussed in sections III A, III B and III C. The
first column lists the system and the relevant parameters. The second column states the parameter range in which the scaling
Green-Kubo relation is applicable, the resulting diffusion exponent is given in the third column. The aging properties of the
correlation function are given in the fourth column. The fifth column states whether the diffusion coefficient depends on the
initial condition and if yes, whether it explictly depends on the aging time t0.
IV. DISCUSSION
The scaling Green-Kubo relation (9) extends the usual
Green-Kubo formula (4) to the superdiffusive, nonsta-
tionary regime. It enables the direct evaluation of the
mean square displacement 〈x2(t)〉 from the knowledge of
the scaling properties of the velocity correlation function
Cv(t + τ, t). In particular, a scaling function replaces
the stationary autocorrelation in the usual Green-Kubo
formula for the determination of the diffusion coefficient.
The scaling Green-Kubo relation is applicable to slowly
decaying stationary power law correlation functions as
well as nonstationary ones exhibiting aging or even su-
peraging. For the latter two classes it relates, for the first
time, the anomalous diffusion coefficient in a simple way
to the scaling of the correlation function.
This relation between an aging correlation function
and the diffusion coefficient turns out to be important
even in cases where a stationary velocity correlation func-
tion does exist but decays slowly. Different classes of ini-
tial conditions lead to different expressions for the diffu-
sivity: Dν,s (Eqs. (34), (45) and (54)) for a stationary ini-
tial condition and Dν (Eqs. (32), (43) and (53)) if the sys-
tem is not initially in the stationary state, see also Figs. 2,
3 and 5. Generally, which one of these two expressions for
the diffusivity is appropriate depends on the time scales
one is interested in: As long as the measurement time is
small compared to the aging time t0 (see Eq. (15)), the
anomalous diffusion coefficient is given by the stationary
value Dν,s. Once the measurement time becomes compa-
rable to t0, the diffusion coefficient will start to deviate
from its stationary value, eventually reaching the nonsta-
tionary value Dν for times much longer than t0. Due to
this sensitivity on the initial conditions, the measurement
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and interpretation of anomalous transport coefficients is
not as straightforward as for normal transport, where the
coefficients are generally unique. For cold atoms in op-
tical lattices (Section III A) and the fractional Langevin
equation (Section III B), the stationary diffusion coeffi-
cients Dν,s diverge as we approach the aging regime. The
persistence of the initial condition is directly related to
the scale invariance of the velocity correlation function:
There exists no typical time scale on which the correla-
tions decay and thus the only relevant time scale is set by
the aging t0, which is not an intrinsic property of the sys-
tem, but an external parameter determined by its initial
preparation.
Here, we discussed the persistence of the initial con-
dition in the context of superdiffusive dynamics. Re-
cently, the dependence of the diffusion coefficient on the
initial condition has been quantified for single file diffu-
sion, which is subdiffusive and can be related to fractional
Brownian motion [67], indicating that this effect may be
of general importance for long range correlated systems.
Another interesting question is how the sensitivity to ini-
tial conditions translates to the time-averaged diffusivity,
where, instead of averaging over an ensemble of trajec-
tories at a given time, the mean square displacement is
computed from a time average over a single trajectory.
The dependence of the time-averaged diffusivity on the
initial conditions has so far only been discussed for spe-
cial cases [68–71], and whether it will correspond to the
stationary or nonstationary expression obtained here or
to neither is an open question.
We have shown that the three different types of scal-
ing correlation functions (stationary, aging and superag-
ing) appear in a variety of physical models. The three
examples considered in this work are of rather different
types of stochastic models, yet can all be treated using
the scaling Green-Kubo relation: The diffusion with a
1/v friction force obeys a Markovian, nonlinear, non-
Gaussian Langevin dynamics, while in the case of the
fractional Langevin equation, the dynamics is linear and
Gaussian but non-Markovian. The power law blinking of
quantum dots can be mapped onto a Le´vy walk, which
represents yet another class of stochastic model and is
neither Markovian nor Gaussian. Sample trajectories for
the three models are shown in Fig. 6, highlighting the
differences between them. Yet due to their underlying
scale invariance, the scaling Green-Kubo relation can be
used in all three cases to determine the diffusive ensemble
properties, which are summarized in Table I. Our scaling
Green-Kubo relation thus appears to be widely applica-
ble and should therefore constitute an important tool for
investigating the diffusive properties of many systems.
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Appendix A: Retarded and accelerated aging
Our scaling correlation function Eq. (5) is of the form,
C(t, t+ τ) ' Ctν−2φ
(τ
t
)
. (A1)
In this case, the correlation time tc is given by the age t
of the system. A more general case is a correlation time
that has a different functional dependence on the age,
i.e. tc(t) is some monotonously increasing function with
tc(0) = 0. The corresponding correlation function is then
of the form,
C(t, t+ τ) ' Ctν−2φ
(
τ
tc(t)
)
. (A2)
The MSD is given by,
〈x2(t)〉 ' 2C
∫ t
0
dt2
∫ t2
0
dt1 t
ν−2
1 φ
(
t2 − t1
tc(t1)
)
. (A3)
We define s = (t2 − t1)/tc(t1) and obtain,
〈x2(t)〉 ' 2C
∫ t
0
dt2
∫ ∞
0
ds
(
−∂t1(s)
∂s
)
tν−21 (s)φ(s),
(A4)
where t1(s) is the solution of the equation,
t2 − t1
tc(t1)
= s. (A5)
For general tc(t) this equation is not solvable analytically.
However, the asymptotic behavior of t1(s) is given by,
t1(s) '

t2 − stc(t2) for s t2tc(t2)
t˜c
(
t2
s
)
for s t2tc(t2) ,
(A6)
where t˜c(x) denotes the inverse function of tc. For the
particular choice,
tc(t) = ta
(
t
ta
)δ
, (A7)
with some time scale ta and 0 < δ < 2, this gives us,
t1(s) '

t2 − sta
(
t2
ta
)δ
for s
(
t2
ta
)1−δ
ta
(
s tat2
)− 1δ
for s
(
t2
ta
)1−δ
.
(A8)
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For the expression appearing in Eq. (A4), we have,(
−∂t1(s)
∂s
)
tν−21 (s)
'

t1−δa t
ν+δ−2
2 for s
(
t2
ta
)1−δ
1
δ t
(ν−1)(δ−1)
δ
a t
ν−1
δ
2 s
1−ν−δ
δ for s
(
t2
ta
)1−δ
.
(A9)
Plugging this into Eq. (A4), we obtain,
〈x2(t)〉 ' 2C
∫ t
0
dt2
[
t1−δa t
ν+δ−2
2
∫ ( t2ta )1−δ
0
ds φ(s)
+
1
δ
t
(ν−1)(δ−1)
δ
a t
ν−1
δ
2
∫ ∞
( t2ta )
1−δ
ds s
1−ν−δ
δ φ(s)
]
.
(A10)
The asymptotic behavior of this expression depends on
the asymptotic behavior of φ(s), which we assume to be
of the following form,
φ(s) '

cls
−δl with δl < 1 for s 1
cus
−δu with δu > 1−νδ for s 1.
(A11)
The case δ < 1: For δ < 1, the upper bound of the
first and the lower bound of the second s-integral are
large for t2  ta. If δu > 1, we may then extend the
upper bound of the first integral to infinity, otherwise
the integral is dominated by the value at the upper bound
and thus the large-s behavior of the scaling function. The
s-integral in the second term only depends on the large-s
behavior. We then have,
〈x2(t)〉 ' 2C
×

1
ν+δ−1 t
1−δ
a t
ν+δ−1 ∫∞
0
ds φ(s) for δu > 1
cu(1+
1
δ )
ν+(δ−1)δu t
(1−δ)δu
a tν+(δ−1)δu for δu < 1.
(A12)
We thus have two different results for the diffusion coef-
ficient and exponent depending on the large-s behavior
of the scaling function: For δu < 1, i.e. when the scaling
function φ(s) decays slowly or even increases at large s,
the diffusion coefficient is determined by this large-s be-
havior. This agrees with the physical intuition, since for
δ < 1, the system ages more slowly and thus the low-age
behavior (corresponding to t  τ respectively large s in
the correlation function) is important. For 0 < δu < 1
the diffusion is retarded (i.e. the diffusion exponent is
smaller than ν) while it is accelerated for δu < 0. On
the other hand, if the scaling function decays very fast
(δu > 1), the contribution from the low-age regime is
numerically small and of the same order as the high-age
one. Thus, the diffusion coefficient depends on detailed
shape of φ(s) and not only on the large-s expansion. In
this case the diffusion is always retarded and the system
may even become subdiffusive for δ < 2− ν.
The case δ > 1: For δ > 1, the upper bound of
the first and the lower bound of the second s-integral
are small for t2  ta. If δl < (1 − ν)/δ, we may then
extend the lower bound of the second integral to zero,
otherwise the integral is dominated by the value at the
lower bound and thus the small-s behavior of the scaling
function. The s-integral in the first term only depends
on the small-s behavior. We then have,
〈x2(t)〉 ' 2C
×

δ
ν+δ−1 t
(ν−1)(δ−1)
δ
a t
ν+δ−1
δ
∫∞
0
ds s
1−ν−δ
δ φ(s)
for δl <
1−ν
δ
cu(1+
1
δ )
ν+(δ−1)δl t
(1−δ)δl
a tν+(δ−1)δl
for δl >
1−ν
δ .
(A13)
Similarly to the case δ < 1, we find two qualitatively dif-
ferent behaviors, though now depending on the small-s
expansion of the scaling function, as the system now ages
faster and thus the high-age behavior is important. For
δl > (1− ν)/δ, the scaling function diverges at small s or
slowly tends to zero and the high-age behavior (t τ or
small s) dominates the diffusion coefficient. Depending
on the sign of γl the diffusion may be retarded or accel-
erated. For δl < (1 − ν)/δ, the scaling function rapidly
tends to zero for small s and thus the high-age contribu-
tion and the low-age one are of the same order. As before,
the diffusion coefficient depends on the entire domain of
φ(s).
For δ = 1, both the low-age and high-age contribu-
tions are always of the same order and the behavior of
φ(s) over the whole range of its argument determines the
diffusion coefficient. This underlines the special impor-
tance of the ”true” scaling type of correlation functions
with δ = 1 discussed in the main body of the paper and
in the examples.
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